We evaluate the axial anomaly for the general Ginsparg-Wilson fermion operator D = D c (1 I + RD c ) −1 with R = r1 I. For D c in the free fermion limit is free of species doubling and behaves like iγ µ p µ as p → 0, the axial anomaly tr[γ 5 (RD)(x, x)] for U (1) lattice gauge theory with single fermion flavor is equal to e 2 32π 2 ǫ µνλσ F µν (x)F λσ (x) plus terms which are higher orders in A µ and/or derivatives, where the FF term is r-invariant and has the correct continuum limit. The role of the higher order terms in the topological characteristics of D is derived.
Introduction
In 1981, Ginsparg and Wilson [1] formulated a criterion for breaking the chiral symmetry of the massless Dirac operator on the lattice,
where R is any invertible hermitian operator which is local in the position space and trivial in the Dirac space, and a is the lattice spacing. The underlying reason for breaking the continuum chiral symmetry on the lattice is due to the Nielson-Ninomiya no-go theorem [2] which states that any Dirac operator on the lattice cannot simultaneously possess locality, free of species doubling and the chiral symmetry. However one prefers to violate the chiral symmetry rather than another two basic properties, is due to the fact that if the chiral symmetry breaking is specified by the RHS of (1) having one γ 5 sandwiched by two Dirac operators, then not only the usual chiral symmetry can be recovered in the continuum limit a → 0, but (1) also gaurantees the remnant chiral symmetry on the lattice, that is, the action A =ψDψ is invariant under the finite chiral transformation on the lattice
where θ is a global parameter. The infinitesimal form of (2) and (3) was first observed by Lüscher [3] . In fact, the GW relation (1) can be generalized to accommodate the asymmetric finite chiral transformations on the lattice [4] having two different hermitian operators, say S and T in (2) and (3) respectively, by replacing 2R in (1) by S + T . Furthermore, the particular form of chiral symmetry breaking on the RHS of (1) also implies the chiral Ward identities, non-renormalization of vector and flavor non-singlet axial vector currents, and non-mixing of operators in different chiral representations [5] . In general, on the lattice, given any chirally symmetric Dirac operator D c
which is free of species doubling but nonlocal as a consequence of the NielsonNinomiya no-go theorem, the general solution [6] D = D c (1I + aRD c )
is a chiral symmetry breaking transformation which gives a class of Dirac operators satisfying the GW relation (1) . The general solution (5) also implies that any zero mode of D is also a zero mode of D c , and vice versa. That is, the zero modes of D are R-invariant. Then the index of D is also Rinvariant and is equal to the index of D c . Thus the chiral symmetry breaking transformation (5) cannot generate a non-zero index for D if the index of D c is zero [7] . It has become clear that a basic attribute of D(D c ) should be introduced, and it is called topological characteristics in ref. [7, 8] . In general, the topological characteristics of a Dirac operator cannot be revealed by any perturbation calculations. Therefore if we obtain non-zero axial anomaly in a perturbation calculation, it does not necessarily imply that the index is nonzero. The most reliable way to determine the topological characteristics of a Dirac operator is to perform the following numerical test [9, 8] : turn on a topologically nontrivial smooth background gauge field with constant field tensors, then check whether there are any zero modes of D, and measure the index of D versus the topological charge of the background gauge field. In Ginsparg and Wilson's original paper [1] , the axial anomaly for any D satisfying Eq. (1) was derived, and it agrees with the continuum axial anomaly if D is free of species doubling and in the free fermion limit behaves like iγ µ p µ as p → 0. However, in their derivation, Eq. (1) is used to eliminate R in some of the intermediate expressions, then at the final steps of their computations, D is replaced by D c , which is equivalent to setting R = 0. Strictly speaking, their procedures are not completely self-consistent since R should be kept nonzero throughout the entire computation, otherwise Eq. (1) cannot be used to eliminate R from any expressions containing Dγ 5 RD. In other words, setting R = 0 at their final steps of integrations actually invalidates their previous steps of using Eq. (1) to eliminate R. The proper procedure should keep R = 0 throughout the entire calculation, and then show that the axial anomaly is independent of R, finally the limit R = 0 can be safely taken. This motivated us to re-derive the axial anomaly for a general D satisfying the Ginsparg-Wilson relation, with the proper procedure, and in the context of recent developments. Furthermore, the realization of the Atiyah-Singer index theorem on the lattice relies on Ginsparg and Wilson's result of the axial anomaly as well as the topological characteristics of D. This provided us further impetus to carry out the tedious computations and present the details of our derivation in this paper. We note in passing that in ref. [10, 11] the chiral anomaly for the overlap-Dirac operator [12, 13] is calculated, and their results agree with the continuum axial anomaly. However, the overlap-Dirac operator is only one of the solutions satisfying the Ginsparg-Wilson relation, and of course their results do not imply that the same axial anomaly will be obtained for a general D with another D c .
If we also require D to satisfy the hermiticity condition
then D c also satisfies this condition, and becomes an antihermitian operator ( D † c = −D c ) which has one to one correspondence to a unitrary operator V ,
where V also satisfies the hermiticity condition γ 5 V γ 5 = V † . Thus the inverse operator in Eq. (5) must exist, and the general solution D is well defined.
In this paper, we evaluate the axial anomaly tr[γ 5 (RD)(x, x)] for R diagonal in the position space, i.e., R = r1I with parameter r. Then from Eq. (5), we have
We shall restrict our discussions to the U(1) gauge theory with single flavor of fermion. However, it is straightforward to generalize our derivation to the case of QCD. For D c in free fermion limit is free of species doubling and behaves like iγ µ p µ as p → 0, our perturbation calculation shows that the FF term of the axial anomaly tr[γ 5 (RD)(x, x)] is independent of r and has the correct continuum limit, i.e.,
32π 2 ǫ µνλσ F µν (x)F λσ (x) + higher order terms in A µ and/or derivatives (9) where the field tensor on the lattice is defined as
The higher order terms in (9) in principle cannot be computed directly by any perturbation calculation to a finite order, however, their sum over the entire lattice can be determined and has significant impacts to the index theorem on the lattice, as we will show in section 2. The outline of this paper is as follows. In section 2, we derive the divergence of the axial vector current for the Dirac operator satisfying the general Ginsparg-Wilson relation, and to set up the theoretical framework for the perturbation calculation in section 3. The topological characteristics is shown to emerge naturally as an integer functional of D, after the perturbation series is summed to all orders. In section 3, we perform the derivation of the axial anomaly. In section 4, we conclude and discuss. In appendix A, we derive an identity for the FF terms. In appendix B, we derive some useful properties of the kernel for the vector current which are used in the derivation of axial anomaly in section 3.
The axial vector current and its divergence
In this section we derive the divergence of the axial vector current J 
where S and T are arbitrary invertible hermitian operators which are local in the position space and trivial in the Dirac space. The action for exactly massless fermion in a background gauge field is
where x and y are site indices, and the Dirac indices are suppressed. Then the action A is invariant under the chiral transformation
where θ is a parameter. Hence, the divergence of the ( corresponding Noether current ) axial vector current, ∂ µ J 5 µ (x), can be extracted from the change of the action δA under the infinitesimal local chiral transformation at the site x,
with the prescription
Then we obtain
which satisfies the conservation law
due to the exact chiral symmetry (11) on the lattice. Now we take the lattice to be finite and with periodic boundary conditions, then we define ∂ µ J 5 µ (x) by the backward difference of the axial vector current
such that it is parity even under the parity transformation, and the conservation law Eq. (19) is also satisfied.
To evaluate the fermionic average of the divergence of the axial vector current in a fixed background gauge field,
one would encounter D −1 which is not well defined for the exactly massless fermion in topologically nontrivial gauge background. Thus, one needs to introduce an infinitesimal mass m which couples to the chirally symmetric Dirac operator D c in the following way [4] 
and then evaluate the fermionic average (21) with D replaced byD, and finally take the limit ( m → 0 ), i.e.,
Substituting ∂ µ J 5 µ (x) by Eq. (18) and using Eq. (23), we obtain
where tr denotes the trace in the Dirac space. The first two terms on the RHS of (26) is equal to
while the last two terms in the limit ( m → 0 ) give
which can be rewritten as
where φ s and λ s are normalized eigenfunction and eigenvalue of D,
In the limit ( m → 0 ), only zero modes of D contribute to (29) and the result is
where φ 
This is the anomaly equation for D satisfying the general Ginsparg-Wilson relation (11) , where the axial vector current J 5 µ (x) is the Noether current corresponding to the exact chiral symmetry on the lattice (13)- (14) .
On the other hand, as usual, if one considers the action built from the chirally symmetric part of
then A s has the usual chiral symmetry, and the divergence of the corresponding Noether current can be extracted from the change of the action δA s under the infinitesimal local chiral transformation at the site x
with the prescription (17), and one obtains
which also satisfies the conservation of total chiral charge, Eq. (19), due to the usual chiral symmetry. Although Eq. (34) looks fairly different from Eq. (18), however, the fermionic average of (34) in a background gauge field [14] is equal to that of (18), i.e., Eq. (32). It is evident that the difference between (18) and (34) has no physical consequences. In fact, it is possible to redefine ∂ µ J 5 µ (x) of Eq. (18) in many different ways provided that it satisfies the conservation law, Eq. (19), and its fermionic average agrees with Eq. (32), however, the corresponding J 5 µ (x) does not correspond to the Noether current of the chiral symmetry on the lattice, (13)- (14) . For example, if one redefines (18) as
where Eq. (11) has been used in the last equality, then the fermionic average of Eq. (35) obviously agrees with Eq. (32), and the conservation law, Eq. (19) is also satisfied. Likewise, the divergence of the vector current can be extracted from the change of the action δA under the infinitesimal local transformation
then we obtain
where
is defined by the backward difference of the vector current
such that it is parity even under the parity transformation, and the conservation law due to the U V (1) symmetry,
is satisfied on a finite lattice with periodic boundary conditions. If the vector current is expressed in terms of the kernel K µ as
then by comparing Eqs. (34) and (36), the axial vector current satisfying (34) can be written as
where the kernel K 5 µ is related to K µ by
It has been shown in ref. [1] that K µ (x, y, z; A, D) is equal to the Dirac operator D(x+y, x+z; A) times the sign of (y−z) µ and times the fraction of the shortest length paths from x + z to x + y which pass through the link from x −μ to x. We note in passing that for the J Now summing Eq. (32) over all sites of the lattice, the LHS is zero due to the conservation law (19), then the RHS gives the so called index theorem on the lattice [14, 3, 12] 
where N + (N − ) denotes the number of zero modes of positive ( negative ) chirality. It has been shown in ref. [7] that the index is invariant with respect to S and T and is equal to that at the chiral limit,
where Eq. (7) has been used. We note that a priori, there is no compelling reasons to gaurantee that D has zero modes in topologically non-trivial sectors.
It could happen that D is local and free of species doubling in the free fermion limit, but turns out to have zero index in any background gauge fields [8] . In that case, D is called topologically trivial, and the index theorem (42) is trivially satisfied with both sides equal to zero, however, it does not correspond to the Atiyah-Singer index theorem in continuum. Presumably the index of D is a topological and non-perturbative quantity, therefore the topological characteristics of D cannot be revealed by any perturbation calculculations at finite orders. We refer to ref. [7, 8] for further discussions on topological characteristics of D. As we will show later in this section, the topological characteristics emerges naturally as an integer functional of D, after the perturbation series is summed to all orders.
In the next section, we will show that the first term on the RHS of Eq. (32),
reproduces the topological charge density
up to terms which are higher orders in A µ (x) and/or its derivatives, at finite lattice spacing, where the field tensor F µν (x) on the lattice is defined in (10) for QED. In the continuum limit, ρ(x) agrees with the Chern-Pontryagin density in continuum. In order to extract the term which is quadratic in gauge fields from (44), we consider the following operator H [14] which is defined as
where O(x) is any observable. It is evident that the operator H picks up the terms quadratic in gauge fields from the observable O and converts them into a constant.
The operator H acting on (45) gives
where Eq. (10) has been used. We note that it is not necessary to take the limit A µ = 0 after the differentiations since ρ is quadratic in gauge fields. The proof of Eq. (48) is given in appendix A.
On the other hand, if we have H act on (44) and obtain
then we can conclude that
16π 2 ǫ µνλσ F µν (x)F λσ (x) + higher order terms in A µ and/or derivatives . (50) where the higher order terms in general cannot be computed directly by any perturbation calculation to a finite order, however, their sum over the entire lattice can be determined and has significant impacts to the index theorem on the lattice, as we will show below.
Summing Eq. (50) over all sites of the lattice, we have
( higher order terms in A µ and/or derivatives )
Now we consider the topologically nontrivial background U(1) gauge field on a 4-dimensional torus (
where q 1 , q 2 , n 1 , · · · , n 4 are integers. The global part is characterized by the topological charge
which must be an integer. The harmonic parts are parameterized by four real constants h 1 , h 2 , h 3 and h 4 . The local parts are chosen to be sinusoidal fluctuations with amplitudes A
1 , A
2 , A 
4 , and frequencies
due to the global part only amounts to a gauge transformation. The field tensors F 12 and F 34 are continuous on the torus, while other F ′ s are zero. To transcribe the continuum gauge fields to link variables on a finite lattice, we take the lattice sites at x µ = 0, a, ..., (N µ −1)a, where a is the lattice spacing and L µ = N µ a is the lattice size. Then the link variables are
The last term in the exponent of U 2 (x) ( U 4 (x) ) is included to ensure that the field tensor F 12 ( F 34 ) which is defined by the ordered product of link variables around a plaquette [ Eq. (145) ] is continuous on the torus. Then the topological charge of this gauge configuration on the finite lattice is
which agrees with the topological charge [ Eq. (56) ] on the 4-dimensional torus. From Eq. (51), we obtain x ( higher order terms in A µ and/or derivatives )
which is also an integer, thus can be represented as x ( higher order terms in A µ and/or derivatives )
is an integer functional of D. Then Eq. (51) becomes
] due to the invariance of the zero modes and the index under the chiral symmetry breaking transformation (5) [7] . In general, Eq. (62) holds for any smooth background gauge configurations on a finite lattice provided that the topological charge on the lattice (61) is an integer and the axial anomaly on the lattice satisfies Eq. (49). However, the topological characteristics, c [D] , is an integer functional of D, which in turn depends on the gauge configuration, would become chaotic when the amplitudes of the gauge fields increase beyond certain values, as first demonstrated in ref. [8] . For gauge configurations within the limit such that c[D] has not become chaotic, D can be classified according to its topological characteristics as follows [7] . If We note that in ref. [8] , the ( lowest order ) perturbation theory is shown to break down at the phase boundaries in the m 0 parameter space of the overlapDirac operator, using the exact reflection symmetry and the exact solution of the free fermion propagator. The zero index of D at the phase boundaries is due to the exact cancellation coming from the higher order terms, but not due to the presence of any fermion doubler with opposite chiral charge. This again affirms the non-perturbative origin of the topological characteristics of D, c [D] , which emerges as a basic attribute of D, after the perturbation series of (50) is summed to all orders.
We also note that in the operator H, the gauge fields are set to zero after the differentiations with respect to the gauge fields. This implies that only free fermion propagators are needed in the evaluation of the LHS of Eq. (49). In the next section, we will show that Eq. (49) is indeed satisfied by the Ginsparg-Wilson Dirac operator (1) for R = r1I, provided that D c in the free fermion limit is free of species doubling and behaves like iγ µ p µ as p → 0.
Recently Lüscher [15] proved that for S + T = 2, if the axial anomaly
for any local deformations of the gauge field, then
where γ is a constant and
The explicit form of the current G µ (x; A, D) is supposed to be very complicated. As discussed in ref. [7] , Eq. (64) can be generalized to any D satisfying (11) with all the S and T dependences residing in the term ∂ µ G µ (x; A, D), while the FF term depends on the topological characteristics
where the current G µ (x; A, D) in general is a functional of S and T . Although the arguments of field tensors F µν and F λσ in (67) are not at the same site, however, in appendix A, we will show that
where the operator H ′ is similar to H defined in (46) but without imposing A µ = 0 after differentiation with respect to the gauge fields. Now we apply the operator H to Eq. (67) and obtain 
and (67) becomes
The Axial Anomaly
In this section, we assert Eq. (49) for S + T = 2r1I by evaluating
where D satisfies the Ginsparg-Wilson relation (1) with R = r1I, i.e.,
for any chirally symmetric Dirac operator D c which in the free fermion limit, is free of species doubling and behaves like iγ µ p µ as p → 0.
In general, we can write D c in the momentum space as
where C µ (p) are arbitrary functions which satisfy the following properties in the free fermion limit :
(ii) C µ (p) has no zeros in the entire Brillouin zone except at the origin p = 0. Then using Eqs. (73) and (74), we obtain
First we perform the differentiations with respect to the gauge fields. The general formula is
where U denotes link variables and T (U) is an arbitrary functional of link variables and fermion fields, and
To evaluate I 2 (72), we set
Then T (U) = −r tr[γ 5 D n,n ] which vanishes in the free fermion limit. So, P 10 , P 11 and P 12 do not contribute to I 2 . Next we identify the vector current at site k to be
where the first equality was due to Ginsparg and Wilson [1] with K µ (k, i, j; U) equal to D k+i,k+j (U) times the sign of (i − j) µ and times the fraction of the shortest length paths from k + j to k + i which pass through the link from k −μ to k; while the second equality was due to Hasenfratz [16] . In the free fermion limit, the action is translational invariant, D mn = D m−n and the vector current in Eq. (91) becomes
and f µ (i, j) is equal to the fraction of the shortest length paths from 0 to j which pass through the link from i −μ to i. This result is explicitly proved in Appendix B. According to the basic property of K µ (k, i, j; U) discussed above and the following simple identity of the derivative of a link variable with respect to the gauge field,
we obtain δ δA ν (n)
where c µν (n) are some constants independent of the gauge fields. Some useful properties of K µ (i, i − j) are derived in Appendix B and will be used in our evaluation of I 2 . Using Eqs. 
(100)
where the free fermion limit has been imposed for the RHS of Eq. (72), i.e.
In above expressions, only P 1 has non-vanishing contributions to I 2 . This can be shown in the following. First consider the common factor J ν (0) of P 6 and P 7 . Using Eqs. (92) and (93), we obtain
. Similarly, we can show that J µ (m) = 0 since it is translational invariant. Then P 6 , P 7 , P 8 and P 9 in Eqs. (101)- (104) are zero. For P 2 , the factor (ψDRγ 5 D) n ψ n J µ (m) enters (105) to give
where the identity tr(γ 5 ) = tr(γ 5 γ µ ) = tr(γ 5 γ µ γ ν ) = tr(γ 5 γ µ γ ν γ σ ) = 0 (107) has been used, and the fact that each factor of D, D −1 or K µ can give at most one gamma matrix in the free fermion limit [ Eqs. (75)- (76) and (93) ].
For P 5 , it enters (105) to give
where Eq. (1) has been used. Using Eq. (94), we immediately see that this expression only involves trace operations on terms containing one γ 5 and less than four γ ′ µ s matrices, thus it must be zero. For P 3 , it enters (105) to give
where Eqs. (1) and (92) have been used in the first and the second equalities. From Eq. (93), we see that
] is proportional to γ 5 , then using the trace identity Eq. (107) to give zero in the above expression. Similarly, we show that P 4 also enters (105) to give zero.
Finally only P 1 remains in Eq. (105), i.e.,
where Eqs. (1) and (92) have been used. After the fermion fields are contracted, Eq. (109) becomes
where those terms involving trace operation on products of one γ 5 and less than four γ ′ µ s matrices are zero and have been dropped. Using the Fourier transforms (116) and the identity
we obtain
The differentiation with respect to p a and p b will generate many terms in the last expression. However, due to the identity (107), only those terms containing the product γ 5 γ 1 γ 2 γ 3 γ 4 and its permutations can have nonzero contributions, thus the final result is proportional to tr(γ 5 γ µ γ ν γ λ γ σ ) = 4ǫ µνλσ . Then it is obvious to see that those terms containing ∂
must vanish since they are symmetric in λ and σ. Furthermore, the terms containing ∂ (a)
would become zero after integrations over p a and p b with the delta functions in (118), due to the following identities ( proved in Appendix B )
which are symmetric in µ and λ. Hence, the only nonzero term in (118) is
where the identity ( proved in Appendix B )
has been used. By performing the same analysis on I b , I c and I d , we obtain
where the zero is essentially due to the presence of D −1 (p) which does not depend on p a or p b .
where the identity
and Eqs. (119), (120) and (122) have been used.
Therefore, summing I a , I b , I c and I d in (121), (123), (124) and (126), and using Eqs. (75), (76) and (107), we obtain
where the ∂ µ operation in (128) produces (127), plus three terms which are symmetric in µν, µλ, and µσ, respectively, hence neither of these three terms contributes to I 2 . Now we perform the momentum integral in (128) by, first removing an infinitesimal ball B ǫ with center at the origin p = 0 and radius ǫ from the Brillouin zone, then evaluating the integral, and finally taking the limit ǫ to zero, i.e.,
Then according to the Gauss theorem, the volume integral over the Brillouin zone ( a four dimensional torus due to the periodic boundary conditions ) with the ball B ǫ removed can be expressed as a surface integral on the surface S ǫ of the ball B ǫ , provided that C µ (p) is nonzero for ǫ ≤ |p µ | ≤ π ( i.e., free of species doubling ) such that the integrand in (129) is well defined. So, (129) becomes
where n µ is the µ-th component of the outward normal vector on the surface S ǫ . Since we have assumed that C µ (p) → p µ as p → 0, we can set C µ (p) = p µ on the surface S ǫ and obtain
where we have used the property
Finally, we have
This completes the task of evaluating I 2 = H[ 2 tr(γ 5 RD) ] for R = r1I, where (133) is one of the main results of this paper. Implications of Eq. (133) have been discussed in section 2.
Conclusions and Discussions
In this paper, we have evaluated the axial anomaly for the Ginsparg-Wilson fermion operator D = D c (1I + rD c ) −1 . For D c in the free fermion limit is free of species doubling and behaves like iγ µ p µ as p → 0, the axial anomaly for U(1) lattice gauge theory with single fermion flavor is
32π 2 ǫ µνλσ F µν (x)F λσ (x) + higher order terms in A µ and/or derivatives (134) where the field tensor F µν (x) on the lattice is defined in Eq. (10) . The FF term is r-invariant and has the correct continuum limit. As shown in section 2, the higher order terms in vector potential and/or derivatives have significant impacts to the index of D. On a finite lattice, for any smooth background gauge configurations [ e.g., Eq. (57)-(60) ] with integer topological charge (61) and the axial anomaly satisfying Eq. (49), the sum of higher order terms over all sites is shown to be an integer multiple of the FF term and this leads to the emergence of an integer functional, c [D] , which is called topological characteristics of D in ref. [7, 8] . This asserts the non-perturbative origin of c[D] which is a basic attribute of D stemming from summing the perturbation series (50) to all orders. In general, due to the (S, T )-invariance of the zero modes [7] , we have [ Eq. (62) in section 2 ] Then one can deduce the following equation in the continuum limit,
which is analogous to (51) summing the perturbation series to all orders but locally at x. Now the limit ( r → 0 ) in Eq. (134) or ( S, T → 0 ) in Eq. (137) can be safely taken. Since the limit S, T → 0 is the chiral limit where D = D c and the GW chiral symmetry breaking [ the RHS of Eq. (1) ] is completely turned off, we conclude that the GW relation indeed does not play the crucial role to fix the axial anomaly for D. This is in agreement with the conclusion of ref. [7] , which was deduced using the R-invariance of the zero modes of D. The crucial point for D to have the correct axial anomaly and to realize the Atiyah-Singer index theorem on a finite lattice is the existence of a topologically proper D c which also satisfies the properties mentioned above, or in general, the constraints (a)-(e) given in ref. [7] . Then any GW fermion operator D constructed by the general solution D = D c (1I + RD c ) −1 will have the desired topological properties. The role of the chiral symmetry breaking transformation (5) is to bypass the Nielson-Ninomiya no-go theorem such that D can be constructed to be local, free of species doubling and well defined for any gauge configurations, while the essential chiral physics of D c are preserved under this transformation.
A
In this appendix, we explicitly show that
where H ′ is defined as
which is different from Eq. (46), without imposing the gauge fields to zero after the differentiations with respect to the gauge fields. First, we derive the field tensor for the U(1) gauge theory on the lattice. A plaquette on theμ −ν plane is defined as (140) and its expansion up to e 2 is
Then the real part of the sum of all plaquettes, i.e., 1 e 2 x ν<µ
goes to
in the continuum limit, thus agrees with the action of QED. Hence, we can identify the field tensor on the lattice to be
We note that on a finite lattice with periodic boundary conditions, and for background gauge fields with nonzero topological charge, some of the link variables at the boundary need modifications [ Eqs. (58) and (60) ] such that the field tensors are continuous on the torus. Using Eqs. (139) and (144), we obtain
where in the first and the second equalities, only those terms which have nonzero contributions are retained. For Lüscher's topological charge density having the second field tensor located at the site x +μ +ν rather than at x, we obtain
Among the eight lines of expressions at the second equality, the second line vanishes due the cancellation of its two terms, and the same happens to the fourth, the sixth and the eighth lines. Then the remaining four lines add up to yield the final result. This completes the proof of the identity (138).
B
In this appendix we derive some useful properties of the kernel K µ of the vector current
These properties [ Eqs. (157) - (159) ] are given in the appendix of Ginsparg and Wilson's original paper [1] . Here we present our derivation in details and correct a minor misprint in ref. [1] . As usual, the divergence of the vector current is extracted from the change of the action under an infinitesimal local transformation at the site n,
where ∂ µ J µ (n) is defined by the backward difference
Since we will turn off the gauge field after performing the differentiations in Eq. (9), we only need to derive all properties of K µ in the free field limit where the action is translational invariant D mn = D m−n . Then Eq. (149) can be rewritten as
and Eq. (148) as
To construct K µ (m, m − l) such that Eq. (151) can be reproduced with Eqs.
(150) and (152), the authors of ref. [1] set
where f µ (m, l) is equal to the fraction of the shortest length paths from 0 to l which pass through the link from m −μ to m. It is straightforward to verify that this definition of K µ leads to Eq. (151). Using Eq. (152) 
The summation over sites m is defined as where the upper and lower limits of m µ depend on the sign of l µ . For l µ > 0, the summation of m µ is from 1 to l µ , while for l µ < 0, from 0 to l µ + 1. To prove the first identity, we observe that ( see Fig. 1 ) all shortest length paths from 0 to l must go through one of the links pointing in theμ direction with a fixed m µ , i.e., they are all perpendicular to the hyperplane with fixed m µ . Therefore holding m µ fixed and summing over all other indices ( m ν , m σ , m λ ) of the fraction f µ (m, l) [ defined in Eq. (153) ] is equal to summing all probabilities for all shortest length paths going through the hyperplane and hence it must equal to one. Since there are l µ hyperplanes between 0 and l µ , after summing over m µ , we obtain Eq. (155), For ν = µ, by symmetry, the fraction of shortest length paths going through those links with fixed m µ and m ν is ( see Fig. 1 This completes the proof of the second identity. With these two identities, we proceed to derive some useful properties of K µ in momentum space 
and
Similarly, we obtain 
